Abstract. Harmonic inversion has already been proven to be a powerful tool for the analysis of quantum spectra and the periodic orbit orbit quantization of chaotic systems. The harmonic inversion technique circumvents the convergence problems of the periodic orbit sum and the uncertainty principle of the usual Fourier analysis, thus yielding results of high resolution and high precision. Based on the close analogy between periodic orbit trace formulae for regular and chaotic systems the technique is generalized in this paper for the semiclassical quantization of integrable systems. Thus, harmonic inversion is shown to be a universal tool which can be applied to a wide range of physical systems. The method is further generalized in two directions: Firstly, the periodic orbit quantization will be extended to include higher order corrections to the periodic orbit sum. Secondly, the use of cross-correlated periodic orbit sums allows us to significantly reduce the required number of orbits for semiclassical quantization, i.e., to improve the efficiency of the semiclassical method. As a representative of regular systems, we choose the circle billiard, whose periodic orbits and quantum eigenvalues can easily be obtained.
Introduction
A question of fundamental interest for systems with both regular and chaotic dynamics is how quantum mechanical eigenvalues can be obtained by quantization of classical orbits. The EBK torus quantization method of Einstein, Brillouin, and Keller [1, 2, 3] is restricted to integrable systems, i.e., the method cannot be generalized to systems with an underlying chaotic or mixed regular-chaotic dynamics [1] . Furthermore, EBK quantization requires the knowledge of all the constants of motion, which are not normally given in explicit form, and therefore practical EBK quantization based on the direct or indirect numerical construction of the constants of motion turns out to be a formidable task [4] . As an alternative, EBK quantization was recast as a sum over all periodic orbits of a given topology on respective tori by Berry and Tabor [5] . In contrast to EBK-quantization, periodic orbit theory can be applied to systems with more general classical dynamics: Gutzwiller's trace formula [6, 7] for chaotic systems and the corresponding Berry-Tabor formula for regular systems [5] give the semiclassical approximation for the density of states as a sum over the periodic orbits of the underlying classical system. However, a fundamental problem of these periodic orbit sums is that they usually do not converge, or if they do, the convergence is extremely slow. During recent years, various techniques have been developed to overcome this problem. Most of them are especially designed for chaotic systems [8, 9 ,10] and cannot be applied to systems with regular or mixed regularchaotic dynamics, or they depend on special properties of the system such as the existence of a symbolic dynamics. They are therefore restricted to a relatively small number of physical systems. It would be desirable to have a method at hand which is universal in the sense that it is applicable for all types of underlying classical dynamics.
Recently, a method for periodic orbit quantization, based on harmonic inversion of a semiclassical signal has been developed and successfully applied to classically chaotic systems [11, 12, 13] . The aim of the present paper is to demonstrate that this technique is equally powerful in reproducing the spectra of regular systems. The semiclassical quantization of integrable and chaotic systems on an equal footing will be the basis for applications to systems with even more general, i.e., mixed regularchaotic dynamics [14] . Furthermore, the harmonic inversion technique is generalized in two directions: Firstly, the periodic orbit quantization will be extended to include higher order corrections [15] , and, secondly, the use of cross-correlated periodic orbit sums [16, 17, 18] allows us to significantly reduce the required number of orbits for semiclassical quantization, i.e., to improve the efficiency of the semiclassical method. As a representative of regular systems, we choose the circle billiard whose periodic orbits and quantum eigenvalues can easily be obtained. The paper is organized as follows:
In Section 2 we give a brief overview over the periodic orbit theory for integrable systems, especially the Berry-Tabor formula, which is the analogue for integrable systems to Gutzwiller's trace formula for chaotic systems. We then calculate the explicit expression for the density of states of the circle billiard from the Berry-Tabor formula. The equations are generalized in two directions, firstly, to the density of states weighted with the diagonal matrix elements of one or more given operators [16] , and, secondly, to include higher order corrections in the periodic orbit sum [15] .
The high precision analysis of quantum spectra and the method for the analytic continuation of non-convergent periodic orbit sums applied in this paper are based on the harmonic inversion of time signals. In Section 3 we briefly introduce harmonic inversion by filterdiagonalization [19, 20] . We also discuss an extension of the filter-diagonalization method to cross-correlation functions [19, 21, 22] , which can be used to extract semiclassical eigenvalues and matrix elements from cross-correlated periodic orbit sums with a significantly reduced set of periodic orbits [17] .
Harmonic inversion circumvents the uncertainty principle of the conventional Fourier transform and can be used for the high precision analysis of quantum spectra [13, 23] . In Section 4 the method will be applied to the quantum spectra of the circle billiard. The analysis will verify the validity of the Berry-Tabor formula and its generalization to spectra weighted with diagonal matrix elements discussed in Section 2.3. Furthermore, harmonic inversion will be applied to determine the higher order contributions to the periodic orbit sum. The Gutzwiller and the Berry-Tabor formula are only the leading order contributions of an expansion of the density of states in terms of and therefore only yield semiclassical approximations to the eigenvalues. By analyzing the difference spectrum between exact and semiclassical eigenvalues, first order corrections to the periodic orbit sum can be determined, as we will demonstrate in Section 4.2. The results are compared with the analytic expressions for the expansion of the periodic orbit sum given in Section 2.4. In Section 5, we turn to the periodic orbit quantization of integrable systems. Firstly, we show how in general the problem of extracting semiclassical eigenvalues from periodic orbit sums can be reformulated as a harmonic inversion problem: A semiclassical signal is constructed from the periodic orbit sum, the analysis of which yields the semiclassical eigenvalues of the system. The general formulae are then applied to the circle billiard and the results are compared to the exact quantum and the EBK eigenvalues. In Section 5.3 it is demonstrated how the accuracy of the semiclassical eigenvalues can be significantly improved with the help of higher order corrections to the periodic orbit sum.
In Section 5.4 we address the question of how to improve the efficiency of the semiclassical quantization method, i.e., how to extract the same number of eigenvalues with a reduced set of periodic orbits, which is important especially when the orbits must be searched numerically. This is achieved by constructing cross-correlated periodic orbit sums as introduced in Section 2.3 which are then harmonically inverted with the generalized filterdiagonalization method of Section 3.2. The efficiency of the method will be discussed for various sets of operators and various sizes of the cross-correlation matrix. It is also possible to include higher order corrections in the cross-correlation signal which will allow us to calculate corrections even for nearly degenerate states.
Some concluding remarks are given in Section 6.
2 Periodic orbit theory for integrable systems
EBK quantization and Berry-Tabor formula
Integrable systems are characterized by the property that their dynamics can be expressed in action-angle variables.
The action variables, which are defined on certain "irreducible" paths, are constants of motion. In the 2n-dimensional phase space, the motion of an integrable system is restricted to n-dimensional tori, which are given by the values of the action variables. A well-established method for the semiclassical quantization of integrable systems is the EBK torus quantization scheme, which was developed by Einstein, Brillouin and Keller [1, 2, 3] . In the EBK theory, the energy eigenvalues of the system are directly associated with certain classical tori. These tori are defined by the EBK conditions, which select special sets from all possible values of the action variables of the system. Each such set corresponds to a quantum mechanical eigenstate of the system. The tori selected by the EBK conditions are usually not rational, i.e., the orbits on these tori are usually not periodic.
For many physical systems the application of the EBK quantization scheme is a nontrivial task. Especially for non-separable or near-integrable systems the irreducible paths are difficult to find. Most importantly, as already discussed by Einstein [1] the torus quantization scheme cannot be extended to chaotic systems. For chaotic systems, Gutzwiller derived a semiclassical expression for the density of states in terms of the periodic orbits of the corresponding classical system: The semiclassical density of states consists of a smooth background and an oscillating part
with
(2) The sum runs over all periodic orbits (po) of the system, including multiple traversals. Here, T and S are the period and the action of the orbit, M and µ are the Monodromy matrix and the Maslov index, and the repetition number r counts the traversals of the underlying primitive orbit.
For integrable systems an analogous formula for the density of states in terms of a smooth part and oscillating periodic orbit contributions was derived by Berry and Tabor [5] . While in chaotic systems the periodic orbits are isolated, the periodic orbits of integrable systems are all those orbits lying on rational tori -i.e., tori on which the frequencies of the motion are commensurable -and thus are non-isolated. The Berry-Tabor formula gives the density of states in terms of the rational tori:
The sum runs over all rational tori at energy E, characterized by the frequency ratios given by the ray of integer numbers M. The sum includes cases where the M i are not relatively prime, M = rµ, which corresponds to multiple traversals of the primitive periodic orbits on the torus characterized by µ. Here, n is the dimension of the system, I M and ω M are the values of the action variables and the frequencies on the torus, S M is the action of the periodic orbits on the torus, and K is the scalar curvature of the energy contour. The components of α are the Maslov indices of the irreducible paths on which the action variables are defined, and the phase β is obtained from the second derivative matrix of the action variables in terms of the coordinates. In contrast to the EBK torus quantization, there is no direct relation between the eigenvalues of the system and the tori which enter the Berry-Tabor formula.
Both the EBK torus quantization and the Berry-Tabor formula are semiclassical theories delivering lowest order approximations to the exact quantum eigenvalues. In general, the results of the two approaches can only be expected to be the same in lowest order of but not necessarily beyond. However, it was shown in Ref. [24] that for the circle billiard, which will be discussed in the following sections, the two approaches are in fact equivalent and should yield exactly the same results.
Eq. (4) can be simplified for the special case n = 2, i.e., for two-dimensional regular systems [25] :
The sum runs over all rational tori at energy E, characterized by the frequency ratio given by the integer numbers M = (M 1 , M 2 ), including multiple traversals (i.e., cases where M 1 , M 2 are not relatively prime). Here, T M is the traversal time, and g E is the function describing the energy surface: H(I 1 , I 2 = g E (I 1 )) = E, where I 1 and I 2 are the action variables. The Maslov index η M is obtained from the Maslov indices α 1 , α 2 of the paths on which the action variables are defined:
where Θ is the Heaviside step function. The semiclassical density of states can be expressed in terms of the semiclassical response function g(E):
For both chaotic and regular systems the response function is of the form
where the amplitudes are given by the Gutzwiller or the Berry-Tabor formula, respectively. In practical applications both the Gutzwiller formula (2) and the Berry-Tabor formula (4) suffer from the property that the periodic orbit sums usually do not converge. Depending on the system in question, this problem may be overcome, e.g., by convolution of the periodic orbit sum with a suitable averaging function [24] . But even then the convergence will usually be slow, and a large number of orbits has to be included in order to obtain the semiclassical eigenvalues. In the following sections, we will demonstrate how the convergence problem can be circumvented by the harmonic inversion method and the eigenvalues can be calculated from a relatively small number of periodic orbits.
Application to the circle billiard
We now apply the Berry-Tabor formula to the circle billiard as a specific separable system with two degrees of freedom.
For completeness and comparisons with the results from periodic orbit theory we first briefly review the quantum mechanical expressions and the EBK quantization condition. The exact quantum mechanical energy eigenvalues of the circle billiard with radius R are given by the condition
where J m are the Bessel functions of integer order. Here, M denotes the mass of the particle, E is the energy, and k = √ 2M E/ is the wavenumber. The corresponding wave functions are given by
As J −m (x) = (−1) m J m (x), all energy eigenvalues belonging to nonzero angular momentum quantum number (m = 0) are twofold degenerate. In the following the exact quantum mechanical results for the circle billiard are used as a benchmark for the development and application of semiclassical quantization methods for integrable systems.
The circle billiard problem in two dimensions is separable in polar coordinates. The semiclassical expressions for both EBK torus quantization and the Berry-Tabor formula for the density of states are based on the action-angle variables associated with the angular ϕ-motion and the radial r-motion [24, 26] . The action variables are given by
where E and L are the energy and the angular momentum, respectively. Quantization of the action variables
with α ϕ = 0 and α r = 3 for the circle billiard yields the EBK quantization condition
where L = m are the angular momentum eigenvalues. The frequencies of the classical motion on the twodimensional tori are given by
The Berry-Tabor formula includes all tori with a rational frequency ratio, i.e., tori on which the orbits are periodic. In the case of the circle billiard, the rational tori are given by the condition
with positive integers M r , M ϕ and the restriction
The periodic orbits of the circle billiard have the form of regular polygons. The numbers M r and M ϕ can be shown to be identical with the number of sides of the corresponding polygon and its number of turns around the center of the circle, respectively [27] . Some examples are given in Figure 1 . A pair of numbers (M r , M ϕ ) which are not relatively prime corresponds to multiple traversals of a primitive periodic orbit. The classical action of the periodic orbits is given by
As in all billiard systems, the action scales like
here with the scaling parameter and the scaled action
The form of the corresponding classical trajectory is independent of w. For the circle billiard with unit radius R = 1, the scaling parameter w is identical with the wavenumber k, and the scaled action is the length of the orbit.
For the semiclassical density of states, we start from the special version of the Berry-Tabor formula presented in Eq. (5) . Using the relation
valid for billiard systems, we introduce the density of states depending on the scaling parameter w. Evaluating the different expressions in (5) for the circle billiard then finally leads to
where we have used the relations α ϕ = 0 and α r = 3 for the Maslov indices. The sum runs over all pairs of positive integers M = (M r , M ϕ ) with M r ≥ 2M ϕ . The degeneracy factor
accounts for the fact that all trajectories with M r = 2M ϕ can be traversed in two directions. Due to the rapid increase of the number of periodic orbits with growing action, the sum (26) does not converge. In our case, the problem is even more complicated by the fact that there exist accumulation points of periodic orbits at scaled actions of multiples of 2π (see Fig. 2 ), which means that we cannot even include all periodic orbits up to a given finite action. In Ref. [24] the convergence problem of the sum (26) was solved by averaging it with a Gaussian function. The semiclassical eigenvalues of the circle billiard were calculated from the periodic orbit sum by including a very large number of periodic orbits. Our aim is to demonstrate that by using the harmonic inversion scheme, we can obtain eigenvalues of w = kR from a relatively small number of periodic orbits. We will return to this problem in Section 5.
Semiclassical matrix elements
The semiclassical trace formula for both regular and chaotic systems can be extended to include diagonal matrix elements. The calculation of individual semiclassical matrix elements is an objective in its own right. Furthermore, the extended trace formulae will allow us to construct cross-correlated periodic orbit signals and thus to significantly reduce the required number of orbits for periodic orbit quantization, as we will demonstrate in Section 5.4. Here, we will briefly recapitulate the basic ideas and equations. Both Gutzwiller's and Berry and Tabor's formula give the semiclassical response function as a sum over contributions from periodic orbits (see Eq. (8)). The quantum mechanical response function is the trace over the Green
As a generalization, one can consider the quantum mechanical response function weighted with the diagonal matrix elements of some operatorÂ, i.e.,
The semiclassical approximation to the extended response function (29) is obtained by weighting the contributions of the periodic orbits in (8) with the averageĀ p of the corresponding classical quantity A(q, p) over the periodic orbits:
For chaotic systems, the average is taken over one period T p of the isolated periodic orbit [28, 29, 30] :
For an N -dimensional integrable system, the quantity A has to be expressed in action-angle variables (I, θ) and averaged over the rational torus [26] :
Eq. (29) can even be further generalized by introducing a second operatorB and considering the quantity [16] 
If eitherÂ orB commutes with the Hamiltonian, Eq. (33) can be written as a trace formula and a calculation similar to that in [30] yields the semiclassical approximation
Note that for general operatorsÂ andB, Eq. (33) cannot be written as a trace any more. However, strong numerical evidence was provided (for both regular and chaotic systems) that Eq. (34) is correct in general, i.e., even if neither operatorÂ norB commutes with the Hamiltonian [16] . For chaotic systems, a mathematical proof of Eq. (34) is given in Ref. [18] . An analogous rigorous derivation for integrable systems is, to our knowledge, still lacking. In Refs. [16, 18] , the relations (33) and (34) were generalized to products of diagonal matrix elements of more than two operators. As a further extension, we can also introduce functions of diagonal matrix elements in the response function:
By a Taylor expansion of the (sufficiently smooth) function f and using the results of Refs. [16, 18] for multiple products of matrix elements, we obtain the semiclassical approximation
We will use the extended trace formulae in combination with an extension of the harmonic inversion procedure to cross-correlated signals in order to significantly reduce the number of orbits which have to be included in the periodic orbit sum. The diagonal matrix elements obtained from the extended trace formulae are semiclassical approximations to the exact quantum matrix elements. For the circle billiard, we can compare these values to those given by EBK theory. According to EBK theory, the diagonal matrix element of an operatorÂ with respect to an eigenstate |n is obtained by averaging the corresponding classical quantity A(I, θ) over the quantized torus related to this eigenstate:
Note the difference to Eq. (32) , where the average is taken over the rational tori.
Higher order corrections
The Berry-Tabor formula for integrable systems and Gutzwiller's trace formula for chaotic systems are only the leading order terms of an expansion of the density of states in terms of . In billiard systems, the scaling parameter w of the classical action (cf. Eq. (21)) is proportional to −1 and thus plays the role of an inverse effective Planck constant,
The expansion of the response function can therefore be written as a power series in terms of w −1 [15] :
The zeroth order amplitudes A
po are those of the BerryTabor or Gutzwiller formula, respectively, whereas for n > 0, the amplitudes A (n) po give the n th order corrections g n (w) to the response function. Explicit expressions for the first order correction terms for chaotic systems were developed by Gaspard and Alonso [31, 32] and by Vattay and Rosenqvist [33, 34, 35] , following two different approaches. Vattay and Rosenqvist compute the corrections by solving the local Schrödinger equation in the neighborhood of periodic orbits. They introduce a quantum generalization of the Gutzwiller formula which contains these local eigenvalues. The results of Refs. [33, 34, 35] cannot directly be applied to integrable systems, as the derivations are valid only for isolated periodic orbits. To our knowledge, a general theory for corrections to the Berry-Tabor formula does not yet exist.
Nevertheless, for the circle billiard we have succeeded in obtaining an explicit expression for the first order corrections to the Berry-Tabor formula. The calculations are quite lengthy and are therefore deferred to Appendix A. Our final result for the first order amplitude of the circle billiard in (39) reads:
with γ ≡ πM ϕ /M r and A
po the zeroth order amplitudes given by the Berry-Tabor formula. Using the zeroth order amplitudes from Eq. (26), we finally obtain
As explained above our derivation of Eq. (41) cannot be applied to general integrable systems. It will be an interesting task for the future to develop a general theory for the higher order corrections to the Berry-Tabor formula.
Harmonic inversion by filter-diagonalization
The quantization of the periodic orbit sum as well as the analysis of quantum spectra in terms of the periodic orbits can be reformulated as a harmonic inversion problem of formulae which have been introduced in the previous Section 2. Before discussing these applications in Sections 4 and 5 we will now briefly recapitulate the basic ideas and the technical tools of harmonic inversion by filterdiagonalization. In Section 3.1 we will start with the harmonic inversion of a single function. The equations will be generalized in Section 3.2 to the harmonic inversion of cross-correlated signals.
Harmonic inversion of a single function
The harmonic inversion problem can be formulated as a nonlinear fit of a signal C(t) to the form
where d k and ω k are generally complex variational parameters. Other than, e.g., in a simple Fourier transformation of the signal, there is no restriction to the closeness of the frequencies ω k . Solving (42) will therefore yield a high resolution analysis of the signal C(t). The signal length required for resolving the frequencies ω k by harmonic inversion can be estimated to be
whereρ(ω) is the mean density of frequencies in the range of interest.
A method which has proven very useful for solving the harmonic inversion problem is the filter-diagonalization procedure [19, 20] . This procedure allows us to compute the frequencies ω k in any small interval [ω min , ω max ] given. The idea is to consider the signal C(t) on an equidistant grid c n = C(nτ ) ; n = 0, 1, 2, . . .
and to associate c n with an autocorrelation function of a suitable fictitious dynamical system, described by a complex symmetric effective Hamiltonian H eff :
Here, the brackets denote a complex symmetric inner product (a|b) = (b|a), i.e., no complex conjugation of either a or b. The harmonic inversion problem can then be reformulated as solving the eigenvalue problem for the effective Hamiltonian H eff . The frequencies ω k are the eigenvalues of the Hamiltonian
and the amplitudes are obtained from the eigenvectors Υ k :
The filter-diagonalization method solves this eigenvalue problem in a small set of basis vectors Ψ j . The Hamiltonian and the initial state Φ 0 do not have to be known explicitly but are given implicitly by the quantities c n . In detail, the procedure works as follows: A small set of values ϕ j in the frequency interval of interest is chosen. The set must be larger than the number of frequencies in this interval. The values ϕ j are used to construct the small Fourier-type basis
The matrix elements of the evolution operator at a given time pτ in this basis can be expressed in terms of the quantities c n :
The frequencies ω k are then obtained by solving the generalized eigenvalue problem
The amplitudes d k can be calculated from the eigenvectors and are given by
The values of ω k and d k obtained by the above procedure should be independent of p. This condition can be used to identify non-converged frequencies by comparing the results for different values of p. The difference between the frequency values obtained for different p can be used as a simple error estimate.
Harmonic inversion of cross-correlated signals
An important extension of the filter-diagonalization method for harmonic inversion is the generalization to cross-correlation functions [19, 21, 22, 17] . This extended method allows us to significantly reduce the signal length required to resolve the frequencies contained in the signal. The idea is not to consider a single signal C(t) as given in Eq. (42) but a set of cross-correlated signals
with the restriction
This set of signals considered on an equidistant grid
is now associated with a time cross-correlation function between an initial state Φ α and a final state Φ α ′ :
Again, the frequencies ω k are obtained as the eigenvalues of the effective Hamiltonian H eff . The amplitudes are now given by the relation
In analogy to the procedure described in Section 3.1, this eigenvalue problem is solved in a small set of basis vectors Ψ jα in order to obtain the frequencies in a given interval [ω min , ω max ]. The advantage of the above procedure becomes evident if one considers the information content of the set of signals. Due to the restriction (53), the N × N set of signals C αα ′ (t) may contain N independent signals, which are known to possess the same frequencies ω k . This means that, at constant signal length, the matrix may contain N times as much information about the frequencies as a single signal, provided that the whole set is inverted simultaneously. On the other hand, the information content is proportional to the signal length. This means that the signal length required to resolve the frequencies in a given interval is reduced by a factor of N . This statement clearly holds only approximately and for small matrix dimensions N . However, a significant reduction of the required signal length can be achieved.
High resolution analysis of quantum spectra
Harmonic inversion is a powerful tool to calculate the classical periodic orbit contributions to the density of states from the quantum mechanical eigenvalues or from experimental spectra, thus delivering a high resolution analysis of the spectra in terms of the classical orbits. The method allows us, e.g., to resolve clusters of orbits or to discover hidden ghost orbit contributions in the spectra, which would not be resolved by conventional Fourier analysis of the spectra [13, 23] . Here, we will analyze the quantum spectra of the circle billiard as a representative of integrable systems. The analysis will verify the validity of the Berry-Tabor formula and its extensions to semiclassical matrix elements and higher order corrections discussed in Section 2.
Leading order periodic orbit contributions to the trace formula

General procedure
In this section we develop the general procedure for the analysis of quantum spectra in terms of periodic orbits by harmonic inversion. This procedure is universal in the sense that it can be applied to both regular and chaotic systems. We will apply it to the circle billiard as a representative of regular systems in the next section.
We start from the semiclassical density of states given by the Berry-Tabor or the Gutzwiller formula. As in Section 2, we consider scaling systems where the density of states depends on the scaling parameter w [w = kR for the circle billiard], i.e., ρ(w) = −(1/π) Im g(w) with g(w) the semiclassical response function. Both the Berry-Tabor and the Gutzwiller formula give the oscillating part of the response function in the form
where the sum runs over all rational tori (regular systems) or all periodic orbits (chaotic systems) of the underlying classical system, respectively. Here, S po is the action of the periodic orbit. The form of the amplitude A po depends on whether the system is chaotic or regular and also contains phase information. The exact quantum mechanical density of states is given by
where the w k are the exact quantum eigenvalues of the scaling parameter and the m k are their multiplicities. The analysis of the quantum spectrum in terms of periodic orbit contributions can now be reformulated as adjusting the exact quantum mechanical density of states (58) to the semiclassical form
If the amplitudes A po do not depend on w, the semiclassical density of states is of the form (42) [here, with w playing the role of t and s po playing the role of ω k ]. That means, we have reformulated the problem of extracting the periodic contributions from the quantum spectrum as a harmonic inversion problem. In the fitting procedure, we ignore the non-oscillating, smooth part of the density of states. This part does not fulfill the ansatz (42) of the harmonic inversion method and therefore acts as a kind of noise, which will be separated from the oscillating part of the "signal" by the harmonic inversion procedure. In practice, in order to regularize the δ functions in (58), we convolute both expressions (58) and (59) with a Gaussian function,
In our calculations, we usually took the convolution width to be about three times the step width τ in the signal (44). Typical values are τ = ∆w = 0.002 and σ = 0.006. The resulting quantum mechanical signal is
and the corresponding semiclassical quantity reads
(62) The above procedure still works if the amplitudes in (57) are not independent of w but possess a dependency of the form
which is, for example, the case for regular billiards. This dependency can be eliminated [15] by replacing the semiclassical response function g(w) with the quantity
When introducing the corresponding quantum mechanical response function
the procedure can be carried out for ρ ′ (w) = (−1/π)Img ′ (w) as described above. In addition to considering the pure density of states, the relations of Section 2.3 can be used to calculate the averages of classical quantities over the periodic orbits from the quantum diagonal matrix elements of the corresponding operators. If we start from the extended quantum response function (29) , including diagonal matrix elements of some operatorÂ, the analysis of the signal should again yield the actions s po as frequencies but with the amplitudes weighted with the classical averagesĀ p of the corresponding classical quantities. In the same way, we can also use the extended response function (33) , which includes diagonal matrix elements of two different operators.
Application to the circle billiard
For the circle billiard, the oscillating part g osc (w) of the semiclassical response function is given by Eq. (26) . If one eliminates the dependency of the amplitudes on w by defining
the resulting expression for the density of states
is of the form (42), here with S M playing the role of w k . The quantum mechanical quantity corresponding to (66) is ρ
In addition to analyzing the pure quantum spectrum of the circle billiard, we also considered spectra weighted with diagonal matrix elements of different operators (cf. Section 2.3). We used three different operators, viz.
-the absolute value of the angular momentum L as an example of a constant of motion, -the distance r from the center as an example of a quantity which is no constant of motion, -the variance of the radius r 2 − r 2 as an example using the relation (34) for products of operators.
The classical angular momentum L is proportional to w, which means that when constructing the signal for L, g(w) now has to be multiplied by w −3/2 instead of w −1/2 (cf. Eq. (64)). We calculated the scaled actions and classical amplitudes of the periodic orbits in the interval s M ∈ [15, 23] . The signal was constructed from the exact zeros of the Bessel functions, up to a value of w max = 500. The accuracy of results is improved if we cut off the lower part of the signal, using only zeros larger than w min = 300. A possible explanation for this is that the low zeros are in a sense "too much quantum" for the semiclassical periodic orbit sum. There is an excellent agreement between the spectra, illustrating the validity of the Berry-Tabor formula and its extension to semiclassical matrix elements discussed in Section 2.3. The examined interval contains an accumulation point of orbits (s = 6π). Here, only those orbits were resolved which were still sufficiently isolated.
It might be surprising that, although the Berry-Tabor formula only gives a semiclassical approximation to the density of states and we started from the exact quantum mechanical density, our results for the periodic orbit contributions are exact and do not show any deviations due to the error of the semiclassical approximation. The reason for this will become obvious in the following Section.
Higher order corrections to the trace formula
An interesting application of the method described in the previous Section 4.1 is the determination of higher order contributions to the periodic orbit sum. The higher orders can be obtained by analysis of the difference spectrum between the exact quantum and semiclassical eigenvalues, as we will show below.
As explained in Section 2.4, the Berry-Tabor formula for integrable systems as well as the Gutzwiller formula for chaotic systems are the leading order terms of an expansion of the density of states in terms of . For scaling systems, this expansion can be put in the form (cf. (39))
Provided that the amplitudes A (n) po in (69) do not depend on w, only the zeroth order term fulfills the ansatz (42) for the harmonic inversion procedure with constant amplitudes and frequencies. In systems like regular billiards, where the amplitudes possess a w dependence of the form A
po , the same argumentation holds if we consider g ′ (w) = w −α g(w) instead of g(w) (cf. Section 4.1.1). This is the reason why the analysis of the quantum spectrum yields exactly the lowest order amplitudes A (0) po , without any deviations due to the semiclassical error: As the higher order terms do not fulfill the ansatz, the A (0) po are the best fit for the amplitudes. The higher oder terms have similar properties as a weak noise and are separated from the "true" signal by the harmonic inversion procedure.
Although the direct analysis of the quantum spectrum only yields the lowest order amplitudes, higher order corrections can still be extracted from the spectrum by harmonic inversion. Assume that the exact eigenvalues w k and their (n − 1) st order approximations w k,n−1 are given. We can then calculate the difference between the exact quantum mechanical and the (n−1) st order response function The leading order terms in (70) are ∼ w −n , i.e., multiplication with w n yields
(71) In (71) we have restored the functional form (42). The harmonic inversion of the function (71) will now provide the periods s po and the n th order amplitudes A (n) po of the expansion (69).
In practice, we will follow the procedure outlined in Section 4.1.1 to construct a smooth signal, i.e., we consider the densities of states ρ(w) = −(1/π) Im g(w) rather than the response functions g(w), and smoothen the signal by convoluting it with a Gaussian function.
For the circle billiard, the exact quantum eigenvalues are given by the condition (9), while the zeroth order eigenvalues are equal to the EBK eigenvalues given by (15) (cf. Section 2.1). From the difference between the exact and the semiclassical density of states, we can calculate the amplitudes A (1) po of the first order correction to the trace formula.
We analyzed the difference spectrum between exact and EBK eigenvalues of the circle billiard in the range 100 < w < 500. Figure 4 shows a small part of this difference spectrum. The results of the harmonic inversion of the spectrum are presented in Figure 5 . The crosses mark the values
with γ = πM ϕ /M r which we obtained for the periodic orbits by harmonic inversion of the difference spectrum. The crosses are labeled with the numbers (M r , M ϕ ) of the orbits. The solid line in Fig. 5 is the theoretical curve 5 Periodic orbit quantization
General procedure
We now turn to the problem of extracting eigenvalues from the periodic orbit sum. We will demonstrate that the harmonic inversion procedure, which has already been successfully applied to extract the eigenvalues of chaotic systems [11, 12] , can be used for integrable systems as well when starting from the Berry-Tabor formula. As previously (see Section 2), we consider scaling systems and start from the response function
depending on the scaling parameter w. The amplitudes A po are those of the Berry-Tabor or the Gutzwiller formula for regular and chaotic systems, respectively. The periodic orbit sum in (74) usually does not converge, or, at least, the convergence will be very slow. In practice, especially for chaotic systems, only the orbits with small scaled actions will be known. Nevertheless, the eigenvalues of the scaling parameter can still be extracted from the periodic orbit sum. The central idea is to adjust Eq. (74), with the sum including periodic orbits up to a finite action s max , to the functional form of the corresponding quantum mechanical response function
This fitting problem cannot be solved directly, but can be reformulated as a harmonic inversion problem [11, 12] . The first step of the reformulation is a Fourier transformation of the response functions with respect to w:
In the semiclassical response function, we only consider the oscillating part of g(w). The smooth part, which does not possess a suitable form for the harmonic inversion method, would only give a contribution to the signal for very small s. Assuming that the amplitudes in (74) do not depend on w, the result of the Fourier transformation is
Like in Section 4.1.1 we convolute the signals (77) and (78) with a Gaussian function with width σ, resulting in
Typical values of the convolution width are σ = 0.006 for signals with step width ∆s = 0.002. The eigenvalues of the scaling parameter are now obtained by adjusting the signal C σ (s) to (80), which is of the functional form (42). The frequencies w k obtained by harmonic inversion of the signal (79) are the eigenvalues of the scaling parameter w; from the amplitudes d k , the multiplicities m k can be calculated. Like the general procedure for analyzing quantum spectra (see Section 4.1.1), the above procedure still works if the amplitudes in (74) are not independent of w but possess a dependency of the form
We can again eliminate this dependency by replacing g(w) with the quantity
The semiclassical signal is then given by
and the corresponding quantum mechanical signal reads
Semiclassical eigenvalues of the circle billiard
Construction of the periodic orbit signal
The semiclassical response function of the circle billiard is given by Eq. (26) . The amplitudes in (26) are proportional to w 1/2 . As described in Section 5.1, we eliminate this dependency on w by introducing the quantity
Applying Eqs. (83) and (84), we now obtain the semiclassical and the corresponding exact quantum signal for the circle billiard:
Eq. (87) possesses the functional form (42) with
Applying the harmonic inversion method to the signal (86) should yield the eigenvalues of w as frequencies, with the amplitudes given by Eq. (88).
Results for the lowest eigenvalues
We calculated the eigenvalues of the scaling parameter w = kR for the lowest states of the circle billiard from a signal of length s max = 150. For the construction of the signal, we chose a minimum length for the sides of the periodic orbits as cut-off criterion at the accumulation points (cf. Fig. 2 ). We observed that the results were nearly independent of the choice of this parameter, as long as the minimum length was not chosen too large. Table 1 presents the semiclassical eigenvalues w hi and multiplicities m hi obtained by harmonic inversion of the periodic orbit signal (86). For comparison, the exact quantum mechanical and the EBK results are also given in Table 1 . The eigenvalues obtained by harmonic inversion clearly reproduce the EBK eigenvalues within an accuracy of 10 −4 or better. The deviation of the w hi from the EBK eigenvalues is significantly smaller than the error of the semiclassical approximation. The improvement of the semiclassical quantization by including higher order corrections to the periodic orbit sum will be discussed in Section 5.3.
Note that for calculating the eigenvalues of the circle billiard by a direct evaluation of the periodic orbit sum, a huge number of periodic orbit terms is required, e.g., orbits with maximum length s max = 30 000 were included in Ref. [24] . We obtained similar results using only orbits up to length s max = 150. This demonstrates the high efficiency of the harmonic inversion method in extracting eigenvalues from the periodic orbit sum. The efficiency can even be further increased with the help of cross-correlated periodic orbit sums as will be demonstrated in Section 5.4. In Table 1 the exact multiplicities m ex of eigenvalues and the multiplicities m hi obtained by harmonic inversion also agree to very high precision. The deviations are one or two orders of magnitude larger than those in the frequencies, which reflects the fact that, with the harmonic inversion method using filter-diagonalization, the amplitudes usually converge more slowly than the frequencies.
In the frequency interval shown, there are two cases of nearly degenerate frequencies which have not been resolved by harmonic inversion of the periodic orbit signal with s max = 150. The harmonic inversion yielded only one frequency, which is the average of the two nearly degenerate ones, with the amplitudes of the two added. These nearly degenerate states can be resolved when the signal length is increased to about s max = 500 or with the help of cross-correlated periodic orbit sums (see Section 5.4).
Semiclassical matrix elements
Using the extended periodic orbit sums discussed in Section 2.3, we can now also calculate semiclassical diagonal matrix elements for the circle billiard.
Following the procedure described in Section 5.1, a semiclassical signal can be constructed from the extended response function, the analysis of which should again yield the eigenvalues w k as frequencies but with the amplitudes weighted with the diagonal matrix elements. As examples, we used the same operators as in Section 4.1.2 to calculate the diagonal matrix elements L , r , and the variance of the radius, r 2 − r 2 . Figure 6 shows the results in the range 25 ≤ w ≤ 30. For the states shown in Fig. 6 we have also compared the semiclassical to the exact quantum mechanical matrix elements. The agreement is also excellent. The deviations between the semiclassical and quantum matrix elements are typically of the order of ∼ 10 −3 , which can well be understood by the semiclassical approximation.
Higher order corrections
The eigenvalues of the circle billiard obtained in the previous Section 5.2 are not the exact quantum mechanical eigenvalues but semiclassical approximations for the reason that the Berry-Tabor and the Gutzwiller formula are only the leading order terms of an expansion of the density of states in terms of (see Section 2.4). We will now demonstrate how to obtain corrections to the semiclassical eigenvalues from the expansion (39) of the periodic orbit sum
with w = simplicity, we will assume in the following that the amplitudes A (77) and (78)), the Fourier transform of the principal periodic orbit sum
is adjusted by application of the harmonic inversion technique to the functional form of the exact quantum expres-
with {w k , m k } the eigenvalues and multiplicities. For n ≥ 1, the asymptotic expansion (39) of the semiclassical response function suffers from the singularities at w = 0. It is therefore not appropriate to harmonically invert the Fourier transform of (39) as a whole, although the Fourier transform formally exists. This means that the method of periodic orbit quantization by harmonic inversion cannot straightforwardly be extended to the expansion of the periodic orbit sum. Instead, we will calculate the correction terms to the semiclassical eigenvalues separately, order by order [15] .
Let us assume that the (n − 1) st order approximations w k,n−1 to the semiclassical eigenvalues have already been obtained and the w k,n are to be calculated. The difference between the two subsequent approximations to the quantum mechanical response function reads
withw k,n = 1 2 (w k,n +w k,n−1 ) and ∆w k,n = w k,n −w k,n−1 . Integration of (89) and multiplication by w n yields
which has the functional form of a quantum mechanical response function but with residues proportional to the n th order corrections ∆w k,n to the semiclassical eigenvalues. The semiclassical approximation to (90) is obtained from the term g n (w) in the periodic orbit sum (39) by integration and multiplication by w n , i.e.,
We can now Fourier transform both (90) and (91), and obtain (n ≥ 1)
h.i.
Equations (92) and (93) (93) to the functional form of (92).
[In practice, we will again convolute both expressions with a Gaussian function (cf. Section 5.1) in order to regularize the δ functions in (93).] The frequenciesw k of the periodic orbit signal (93) are the semiclassical eigenvalues, averaged over different orders of . Note that the accuracy of these values does not necessarily increase with increasing order n. We indicate this in (92) by omitting the index n at the eigenvalues w k . Our numerical calculations for the first order corrections show that, in practice, the frequenciesw k we obtain are approximately equal to the zeroth order eigenvalues rather than the exact average between zeroth and first oder eigenvalues. The corrections ∆w k,n to the eigenvalues are not obtained from the frequencies, but from the amplitudes, m k (w k ) n ∆w k,n , of the periodic orbit signal. We will now apply the above technique to the circle billiard to obtain the first order corrections to the semiclassical eigenvalues obtained in Section 5.2.2. In Section 2.2, we derived the zeroth order amplitudes of the circle billiard (cf. Eq. (26)):
with s M and m M the action and multiplicity of the orbit, respectively. The first order amplitudes are given by (cf. Sections 2.4 and 4.2):
with γ ≡ πM ϕ /M r . Using these expressions, we have calculated the first order corrections ∆w k,1 to the lowest eigenvalues of the circle billiard, by harmonic inversion of periodic orbit signals with s max = 200. Part of the spectrum is presented in Fig. 7 ). Both spectra are in excellent agreement. The small deviations of the peak heights arise from second or higher order corrections to the eigenvalues. An appropriate measure for the accuracy of semiclassical eigenvalues is the deviation from the exact quantum eigenvalues in units of the average level spacings, ∆w av = 1/ρ(w). Figure 8 presents the semiclassical error in units of the average level spacings ∆w av ≈ 4/w for the zeroth order (diamonds) and first order (crosses) approximations to the eigenvalues. In zeroth order approximation the semiclassical error for the low lying states is about 3 to 10 percent of the mean level spacing. This error is reduced in the first order approximation by at least one order of magnitude for the least semiclassical states with radial quantum number n = 0. The accuracy of states with n ≥ 1 is improved by two or more orders of magnitude.
Reduction of required signal length via harmonic inversion of cross-correlated periodic orbit sums
As described in the sections above, the harmonic inversion method is able to extract quantum mechanical eigenvalues from the semiclassical periodic orbit sum including periodic orbits up to a finite action s max . This means that in practice, although the periodic orbit sum does not converge, the eigenvalues can be obtained from a finite set of periodic orbits. The required signal length for harmonic inversion depends on the mean density of states, i.e., s max ≈ 4πρ(w) (cf. (43)). Depending on the mean density of states, the action s max up to which the periodic orbits have to be known may therefore be large. Due to the rapid proliferation of the number of periodic orbits with growing action, the efficiency and practicability of the procedure depends sensitively on the signal length required. This is especially the case when the periodic orbits have to be found numerically.
The quantization method can be improved with the help of cross-correlated periodic orbit sums. The extended response functions weighted with products of diagonal matrix elements discussed in Section 2.3, in combination with the method for harmonic inversion of cross-correlation functions presented in Section 3.2, can be used to significantly reduce the signal length required for the periodic orbit quantization [16, 17] . This technique is particularly helpful for chaotic systems, where the periodic orbits must be found numerically and where the number of periodic orbits grows exponentially with their action. However, for regular systems the number of orbits which have to be included can also be significantly reduced as will be demonstrated for the circle billiard.
The basic idea is to construct a set of signals where each individual signal contains the same frequencies (i.e., semiclassical eigenvalues) and the amplitudes are correlated by obeying the restriction (53). This can be achieved with the help of the generalized periodic orbit sum (34) introduced in Section 2.3:
A set of operatorsÂ α , α = 1, . . . , N is chosen. Following the procedure described in Section 5.1, the signals C αα ′ (s) are obtained as Fourier transform of the generalized response functions g osc αα ′ (w), i.e.,
where for integrable systems the meansĀ α,p are defined by (32) . According to Sections 2.3 and 5.1, the corresponding quantum mechanical signal is given by
where the amplitudes have the required form (53). As in Section 5.1 the semiclassical eigenvalues w k are obtained by adjusting the periodic orbit signal (97) (after convolution with a Gaussian function) to the functional form of the cross-correlated quantum signal (98) with the important difference that we now apply the extension of harmonic inversion to cross-correlation functions (see Section 3.2). For the circle billiard, the mean density of states -with all multiplicities taken as one -is given byρ(w) = w/4. According to (43), the signal length required for a single signal to resolve the frequencies in a given interval around w is therefore approximately given by where S H = 2πρ is the Heisenberg period (which is action instead of time for scaling systems). By using an N ×N set of signals, it should be possible to extract about the same number of semiclassical eigenvalues from a reduced signal length s max ≪ 2S H , or, vice versa, if the signal length is held constant, the resolution and therefore the number of converged eigenvalues should significantly increase.
To demonstrate the power of the cross-correlation technique, we first analyze a 2 × 2 cross-correlated periodic orbit signal of the circle billiard withÂ 1 = 1 the identity operator andÂ 2 = r. For comparison with the results in Section 5.2.2 we choose the same signal length s max = 150. By contrast to the eigenvalues in Table 1 obtained from the one-dimensional signal the nearly degenerate states around w ≈ 11.05 and w ≈ 13.3 are now resolved as can be seen in Table 2 . Note that a signal length s max ≈ 500 is required to resolve these states without application of the cross-correlation technique.
As in all other calculations concerning cross-correlated signals, the results were improved by not making a sharp cut at the accumulation points but by damping the amplitudes of the orbits near these points. With the same cut-off criterion at the accumulation points, the total number of orbits in the signal with s max = 150 was about 10 times smaller than in the signal with s max = 500 . This means, we could reduce the required number of orbits by one order of magnitude. For chaotic systems, where the number of orbits grows more rapidly (exponentially) with the maximum action, the improvement in the required number of orbits may even be better.
We now investigate the number of eigenvalues which do converge for fixed signal length but different sets and dimension of the cross-correlation matrix. Indeed, the highest eigenvalue w max which can be resolved increases significantly when the cross-correlation technique is applied. However, the detailed results depend on the operators chosen. Furthermore, with increasing dimension of the matrix, the range in which the transition from resolved to unresolved eigenvalues takes place becomes broader, and the amplitudes in this region become less well converged. Rough estimates of w max for various sets of operators and fixed signal length s max = 150 are given in Table 3 . For some of the signals, we used the extension of the trace for- Table 3 . Maximum frequencies wmax up to which the spectrum could be resolved using a N × N cross-correlated signal. The bα are the operators or functions of operators used to build the signal (see text). r: distance from center, L: angular momentum in units of w. mula to functions of matrix elements, Eqs. (35) and (36). The improvement achieved by increasing the dimension of the matrix by one is most distinct for very small N ; for N ≥ 5, the improvement is only small. This suggests that, at given signal length and frequency range, the matrix dimension should not be chosen too large, i.e., there exists an optimal matrix dimension, which at constant signal length becomes larger with increasing eigenvalues w. With a 5 × 5 signal of length s max = 150, eigenvalues up to the region w ≈ 130 can be resolved. The results are presented in Figure 9 . There are two points which should be emphasized: The first point is that, even in this dense part of the spectrum, the error of the method is still by about one order of magnitude smaller than the semiclassical error, which is illustrated in Fig. 9 by the peak heights. The squares and crosses mark the semiclassical error |w EBK − w ex | and the numerical error |w hi − w EBK | of the harmonic inversion procedure in units of the mean level spacing ∆w av ≈ 4/w. The second point concerns the signal length compared to the Heisenberg action S H = 2πρ. For w = 130, one obtains S H ≈ 204.2. A one-dimensional signal would have required a signal length s max ≈ 2S H . With the cross-correlation technique, we calculated the eigenvalues from a signal of length s max = 150 ≈ 0.735S H . This is about the same signal length as required by the semiclassical quantization method of Berry and Keating [10] , which, however, only works for ergodic systems.
In summary, our results demonstrate that by analyzing cross-correlated signals instead of a single signal, the required signal length can indeed be significantly reduced. Clearly, the signal length cannot be made arbitrarily small, and the method is restricted to small dimensions of the cross-correlation matrix. However, the number of orbits which have to be included can be very much reduced. Another advantage of the method is that not only the frequencies and the multiplicities but also the diagonal matrix elements of the chosen operators are obtained by one single calculation.
Including higher order corrections
In the cases discussed so far, we have constructed the cross-correlated signal by including different operators and making use of Eq. (34) . By this procedure, we could obtain the semiclassical eigenvalues from a signal of reduced length or improve the resolution of the spectrum at constant signal length, while simultaneously obtaining the diagonal matrix elements of the operators. We can now even go one step further and include higher corrections in the signal. Here we make use of the results of Section 5.3. The first order correction term, which in Section 5.3 was harmonically inverted as a single signal, is now included as part of a cross-correlated signal. This procedure combines all the techniques developed in the previous sections.
Formally, the frequencies in the zeroth and first order parts of the cross-correlated signal are not exactly the same [see the denominators in Eqs. (75) and (90)], however, as already mentioned in Section 5.3, the numerically obtained values for the frequenciesw k in (92) are equal to the lowest order eigenvalues rather than the exact average of the zeroth and first order eigenvalues. In practice, the cross-correlated signal is therefore in fact of the form (52). We can now, on the one hand, improve the resolution of the spectrum, and, on the other hand, obtain semiclassical matrix elements and the first order corrections to the eigenvalues with the same high resolution by one single harmonic inversion of a cross-correlated signal.
As an example, we built a 3 × 3 signal for the circle billiard from the first order correction term given by (95) and the operatorsÂ 1 = 1 (identity) andÂ 2 =r. Again, we chose a signal length of s max = 150. By harmonic inversion of the cross-correlated signal, we obtained simultaneously the semiclassical eigenvalues, their first order order corrections, and the semiclassical matrix elements of the op- eratorr. The results for the zeroth order approximations w k,0 to the eigenvalues and the first order approximations w k,1 = w k,0 +∆w k,1 are presented in Table 4 . For comparison the exact and the EBK eigenvalues are also given. As for the results presented in Table 2 , we were able to resolve the nearly degenerate states in the zeroth order approximation, which for a single signal would have required a signal length of s max ≈ 500. Moreover, in contrast to the results of Section 5.3, we could now also resolve the first order approximations to the nearly degenerate states.
Conclusion
The harmonic inversion method has been introduced as a powerful tool for the calculation of quantum eigenvalues from periodic orbit sums as well as for the high resolution analysis of quantum spectra in terms of classical periodic orbits. We have demonstrated that this method, which has already successfully been applied to classically chaotic systems, yields excellent results for regular systems as well. Harmonic inversion has thus been shown to be a universal method, which, in contrast to other high resolution methods, does not depend on special properties of the system such as ergodicity or the existence of a symbolic code. With the harmonic inversion method, we are able to calculate the contributions of the classical periodic orbits to the trace formula from the quantum eigenvalues with high precision and high resolution. By analyzing the difference spectrum between exact and semiclassical eigenvalues, we could determine higher order corrections to the periodic orbit sum of the circle billiard.
Up to now, no theory for the corrections to the BerryTabor formula for regular systems has been developed. We have numerically found an expression for the first order corrections to the Berry-Tabor formula by harmonic inversion of the difference spectrum. The same expression can be derived analytically by using Vattay's and Rosenqvist's method for chaotic systems and introducing some reasonable ad-hoc assumption for the circle billiard. As this is clearly not a strict derivation, it is an interesting task for the future to develop a general theory for the higher order corrections to the trace formula for regular systems. In addition to calculating semiclassical eigenvalues from the usual periodic orbit sum, we have demonstrated how further information can be extracted from the parameters of the classical orbits by applying the harmonic inversion technique to different extensions of the trace formula. Using a generalized trace formula including an arbitrary operator, we have shown that the method also allows the calculation of semiclassical diagonal matrix elements from the parameters of the periodic orbits. Furthermore we have demonstrated how higher order corrections to the semiclassical eigenvalues can be obtained by harmonic inversion of correction terms to the periodic orbit sums. For the case of the circle billiard, we found that, including the first order correction, the accuracy of the semiclassical eigenvalues compared to the exact quantum eigenvalues could be improved by one or more orders of magnitude.
Although by harmonic inversion the quantum eigenvalues can be calculated from a semiclassical signal of finite length, i.e., from a finite set of periodic orbits, the number of orbits which have to be included may still be large. We have demonstrated that by a generalization of the harmonic inversion method to cross-correlation functions the required signal length may be significantly reduced, even below the Heisenberg time. Because of the rapid proliferation of periodic orbits with growing period, this means that the number of orbits which have to be included may be reduced by about one to several orders of magnitude.
A Calculation of the first order correction terms to the semiclassical trace formula
The calculation of higher order corrections to the semiclassical eigenvalues introduced in Section 2.4 requires the knowledge of the nth order amplitudes A (n) po in the periodic orbit sum (39). In this Appendix, we briefly outline the derivation of the first order amplitudes A (1) po and the application to the circle billiard given in Eq. (40).
Two different methods for the calculation of higher order correction terms in chaotic systems have been derived by Gaspard and Alonso [31, 32] and Vattay and Rosenqvist [33, 34, 35] . The latter method has been specialized to two-dimensional chaotic billiards in [35] . Here, we follow the approach of Vattay and Rosenqvist. However, it is important to note that both methods cannot straightforwardly be applied to integrable systems and additional assumptios will be necessary to derive Eq. (40) for the circle billiard. A general theory for the calculation of higher order corrections to the Berry-Tabor formula (4) for integrable systems is, to the best of our knowledge, still lacking.
Vattay and Rosenqvist give a quantum generalization of Gutzwiller's trace formula based on the path integral representation of the quantum propagator. The basic idea of their method is to express the global eigenvalue spectrum in terms of local eigenvalues computed in the neighbourhood of periodic orbits. The energy domain Green function G(q, q ′ , E) is connected to the spectral determinant ∆(E) = Π n (E −E n ), with E n the energy eigenvalues or resonances, by
The trace of the Green function can be expressed in terms of contributions from periodic orbits
with the local traces connected to the local spectral determinants by
The trace of the Green function can therefore be calculated by solving the local Schrödinger equation around each periodic orbit, which yields the local eigenspectra.
To obtain the local eigenspectra, the ansatz
is inserted into the Schrödinger equation, yielding the following differential equations for Φ and S.
∂ t S + 1 2 (∇S) 2 + U = 0 (104)
which follows from the expansion of the eigenequation (106). An explicit recipe for the calculation of the first correction for two-dimensional chaotic billiards is given in [35] . For billiards, the potential U in the Schrödinger equation equals zero between two bounces at the hard wall. The functions S and Φ now have to be Taylor expanded in two dimensions:
S(x, y, t) = S 0 + S x ∆x + S y ∆y + 1 2 (S x 2 (∆x) 2 + 2S xy ∆x∆y + S y 2 (∆y) 2 ) + . . .
and similarly for Φ. If the coordinate system is chosen in such a way that x is along the periodic orbit and y is perpendicular to the orbit, derivatives with respect to x can be expressed in terms of the derivatives with respect to y using the stationarity conditions
The quantity S x is equal to the classical momentum of the particle. For the free motion between the collisions with the wall, the set of differential equations correspoding to (113) and (114) then reduces to a set of equations involving only derivatives with respect to y. These equations can be solved analytically, with the general solution still containing free parameters. Setting S x = 1, the first coefficient functions of the Taylor expanded phase are given by:
S yy (t) = 1 t + t 0 (118) 
Again, D and E are free parameters. At the collisions with the hard wall, the phase and amplitude have to obey the bouncing conditions S(x, y, t −0 ) = S(x, y, t +0 ) + iπ (124) Φ(x, y, t −0 ) = Φ(x, y, t +0 ),
from which the bouncing conditions for the coefficients of the Taylor expanded functions S and Φ can be derived. While the general solutions between the bounces are valid for all billiards, the bouncing conditions in their Taylor expanded form depend explicitely on the shape of the hard wall. An additional condition which the solutions S and Φ have to obey is periodicity along the orbit. With every traversal the phase gains the same constant contributions at the collisions with the wall. The derivatives of the phase are periodic. The amplitude collects the same factor with each traversal, which means that all Taylor coefficients of the amplitude are periodic apart from a constant factor. These conditions together with the bouncing conditions determine the values of the free constants in the general solutions between the collisions.
The solutions can in general be found numerically, by choosing suitable initial conditions and following the evolution of the phase and amplitude functions along the orbit. After several iterations around the orbit, the parameters should converge against their periodic solution. The correction terms C 
which can be computed explicitly from the solutions found above.
As already explained, this method is designed for chaotic systems, as its derivation is based on the assumption that the periodic orbits are isolated. Nevertheless, we obtain reasonable results when applying the method to the circle billiard, taking one periodic orbit from each rational torus and introducing some additional assumptions.
Because of the symmetry of the orbits, we can assume that every side of the orbit contributes in the same manner to the correction term for the whole orbit. This means, if we reset t = 0 at the start of each side, the free parameters in the general solutions (118) to (123) must be the same for each side, apart from the parameter E, which collects the same factor during every collison with the wall. With these assumptions, the differential equations can be solved analytically.
However, it turns out that the bouncing conditions resulting from (124) and (125) are not sufficient to determine all free parameters, as some of the conditions are automatically fulfilled. We need additional conditions for the parameters. These can be obtained from the rotational symmetry of the system: Because of this symmetry, we can assume that the amplitude of the wave function does not depend on the polar angle ϕ. The same holds for all derivatives of the amplitude with respect to the radius r. For the zeroth order amplitudes, expressed in polar coordinates (r, ϕ), this gives us the additional conditions we need:
∂ ∂ϕ
∂r n = 0.
If we further assume that the phase separates in polar coordinates S(r, ϕ) = S r (r) + S ϕ (ϕ),
which implies that all mixed derivatives vanish, it turns out that we do not need the bouncing conditions at all. All parameters can be determined from the symmetry of the system, and the bouncing conditions are automatically fulfilled. We considered only the case l = 0, for which we used Eq. (128) together with the conditions 
with γ as defined in Section 2.4 (see Fig. 1 ). The radius of the billiard was taken to be R = 1. Inserting these solutions in (126) finally leads to
where M r is the number of sides of the orbit. The first order amplitudes A (1) are obtained by inserting the expansion (110) in the trace formula (107) and comparing the result with the expansion (39). In the units we have used here (radius R = 1 and momentum k = 1), the scaling parameter w is equal to . If we use only the l = 0 contributions and assume that the terms exp(C (0) 0 ) are equal to the amplitudes given by the Berry-Tabor formula, we finally end up with the expression (40). Although we cannot strictly justify the last step, our analysis of the quantum spectrum in Section 4.2 provides strong numerical evidence that Eq. (40) is correct. It will be an interesting task for the future to develop a general theory for the correction terms of integrable systems and thus to provide a more rigorous mathematical proof of Eq. (40).
